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Abstract 

We formulate a new concept of asymptotic completeness for two-dimensional massless 
quantum field theories in the spirit of the theory of particle weights. We show that this 
concept is more general than the standard particle interpretation based on Buchholz' 
scattering theory of waves. In particular, it holds in any chiral conformal field theory 
in an irreducible product representation and in any completely rational conformal field 
theory. This class contains theories of infraparticles to which the scattering theory of 
waves does not apply. 

1 Introduction 

The problem of asymptotic completeness in quantum held theory (QFT) has been a subject of 
active research over the last two decades, both on the relativistic |14p23j and non-relativistic 
side |12 }ll6ffl"8l l29|. However, all the results obtained so far concern Wigner particles i.e. 
excitations with a well-defined mass. The problem of a complete particle interpretation in 
the presence of infraparticles, i.e. particles whose mass fluctuates due to the presence of other 
excitations, appears to be open to date in all the models considered in the literature. In the 
present Letter we formulate a natural notion of asymptotic completeness for two-dimensional 
massless relativistic QFT which remains meaningful in the presence of infraparticles. We 
verify that a large class of chiral conformal held theories, containing theories of infraparticles, 
satisfies this property. 

Since the seminal work of Schroer |28j, infraparticles have remained a prominent topic in 
mathematical physics. Their importance relies on the fact that all the electrically charged 
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particles, including the electron, turn out to be infraparticles [6]. In models of non-relativistic 
QED scattering states of one electron and photons were successfully constructed by Frohlich, 
Pizzo and Chen in In a more abstract framework of algebraic QFT a complementary 

approach to scattering of infraparticles was proposed by Buchholz, Porrmann and Stein |10| . 
This theory of particle weights |13 1 I24 [ [25] does not aim at scattering states, but rather 
provides an algorithm for a direct construction of (inclusive) collision cross-sections. Very 
recently the theory of particle weights was applied to conformal field theories by the present 
authors |15| . We found out that any chiral conformal field theory in a charged, irreducible 
product representation describes infraparticles. We also checked that in some cases these 
infraparticles have superselected velocity, similarly to the electron in QED. However, the 
question of complete particle interpretation of these theories was not addressed in |15j . We 
answer this question (affirmatively) in the present work. 

This Letter is organized as follows: In Section [2] we specify our framework and formulate 
a generalized concept of asymptotic completeness (Definition I2.3P . We remark that this is 
an implementation of ideas from [8j in the setting of two-dimensional massless theories. In 
Section [3] we recall from [7] the scattering theory of waves, which are counterparts of Wigner 
particles in this setting. We show that any theory which has complete particle interpretation 
in the sense of waves satisfies also our generalized property of asymptotic completeness. 
After this consistency check, we show in Section |4] that any chiral conformal field theory in 
an irreducible product representation is asymptotically complete in the generalized sense. 
As a corollary, we obtain in Section [5] that any completely rational conformal field theory 
has the property of generalized asymptotic completeness. 

Acknowledgements. W.D. would like to thank D. Buchholz, J.S. M0ller, A. Pizzo, M. Por- 
rmann, W. De Roeck and H. Spohn for interesting discussions on scattering theory. A part 
of this work has been accomplished during the stay of Y.T. at Aarhus University. He thanks 
J.S. M0ller for his hospitality. 

2 The generalized concept of asymptotic completeness 

In this section we fix our framework, list the main definitions and facts relevant to our 
investigation and formulate the generalized concept of asymptotic completeness. We start 
with a variant of the Haag-Kastler postulates [19] which we will use in this work: 

Definition 2.1. A local net of von Neumann algebras on M? is a pair (21, U) consisting 
of a map — > 21(0) from the family of open, bounded regions of M 2 to the family of von 
Neumann algebras on a Hilbert space rl, and a strongly continuous unitary representation of 
translations M 2 3 x — > U(x) acting on T~L, which are subject to the following conditions: 

1. (isotony) If O x C 2> then 21(d) C 2l(0 2 ). 

2. (locality) If 0\ _L 02, then [2l(0i), 21(02)] = 0, where _L denotes spacelike separation. 

3. (covariance) V (x)QL(0)V '(x)* = 21(0 + x) for any i£l 2 . 

4- (positivity of energy) The joint spectrum of U coincides with the closed forward light- 
cone V+ := { (00, p) € M 2 I to > \p\ }. 

We also introduce the quasilocal C* -algebra of this net 21 = Ue>cK 2 21(C)- 
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We assume that the spectrum of U coincides with V+ rather than being included in, 
because we are interested in the scattering theory of massless particles. It is indeed automatic 
for dilation-covariant theories or theories of waves (see Section [3]) . 

Our first task is to identify, in the above theoretical setting, observables which can be 
interpreted as particle detectors. To this end, we have to list several definitions and results: 
First, we recall that an observable B G 21 is called almost-local, if there exists a net of 
operators { B r G 2l(0 r ) | r > }, s.t. for any k G N 

lim r k \\B - B r \\ = 0, (2.1) 

where O r = {(t,x) G M? \ \t\ + \x\ < r}. We also recall that the Arveson spectrum of 
an operator B G 21 w.r.t. the group of translation automorphisms a x (-) = U(x) ■ U(x)*, 
denoted S~p B a, is the closure of the union of supports of the distributions 

(*l|fl(p)¥ 2 ) = (2k)- 1 [ dxe- ipx (* 1 \B(x)y 2 ) (2.2) 

over all \J>2 G 7i, where p = (uj,p), x = (t,x), px = cot — px and B{x) := a x (B). Let 
E(-) be the spectral measure of U. As shown in [2], for any B G 21 and any closed set 
A C R 2 , it holds that 



BE{A)U C E(A + Sp^a)^. (2.3) 

Next, we introduce the lightline coordinates uj± = ^/j"; t± = and define, for any 5 > 0, 
the following subspaces of 21: 

C± y s = { B G 21 1 B is almost-local and Sp^a C { uj± < — (5 } is compact }. (2.4) 

Following [U[5], we construct particle detectors: For any e± > 0, B± G C±, e ± an d T > 1 we 
define 

Q±{B±) = j dth T (t) J dxf±(x/t)(B* ± B ± )(t,x), (2.5) 

where h T (t) = \T\- £ h(\T\- e (t-T)), < e < 1 and h G Cg° (R) is a non-negative function s.t. 
f dth(t) = 1 and /-j- G L°°(R). For large T these expressions can be interpreted as detectors 
sensitive to particles whose velocities belong to the supports of f± . Since we are interested in 
theories of massless excitations in two-dimensional spacetime, which move without dispersion 
with velocities ±1, we set f±(x) = 1jr ± (x) in (|2.5p . Such detectors suffice to distinguish 
between the left-moving and right-moving particles. 

The operators Q±(B±) are defined on the domain T> = UneN E({(oJ,p) | UJ < n})T-L of 
vectors of bounded energy. This is a consequence of the following abstract theorem due to 
Buchholz, which we will use frequently in the sequel: 

Theorem 2.2 ( [5]). Let W 3 x — > U(x) be a group of unitaries onTi, B G B{%), n G N 
and let E n be the orthogonal projection onto the intersection of the kernels of the n-fold 
products B(x\)...B(x n ) for arbitrary X\,...x n G W 3 , where B(x) = U{x)BU{x)* . Then 
there holds for each compact subset K C M s the estimate 

E n [ dx(B*B)(x)E n <(n-l) [ dx \\[B* , B(x)]\\ , (2.6) 
Jk Jak 

where AK = {x — y\x,y<EK}. 
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As noticed in |5j, if B G C+ t s U C— 5, then, for any compact set A, the range of E(A) is 
contained in E n for sufficiently large n due to relation (|2.3p . Exploiting almost-locality of B 
one can replace AK on the r.h.s. of (|2.6p with R, obtaining a bound which is uniform in K. 
Then E(A) J dx (B* B)(x)E(A) G B(T~L) exists as a strong limit of integrals over compact 
subsets and 

J dx (B*B)(x)E(A) G B(U), (2.7) 

since Sp s a is compact. 

As the convergence of Q±(B±) as T — > 00 is not known in general, we define the following 
subsets of £±5: 

4fc 5 = { 5± G £± 5 I Qi ut (5±)^ := lim Q+(5±)^ exists for any ¥ G £>}. (2.8) 

T— >oo 

The limits Q§. ut (S-|-), iJ-t 6 £± )( s, are operators on 2? which satisfy 

C/(x)Q5 I ut (B ± )C/(x)* = Qf\B±), x G M 2 , (2.9) 

thus they preserve each spectral subspace. Every vector from the range of Q°^ lt (B + ) (resp. 
Q ont (B^)) contains an excitation moving to the right (resp. to the left), whose energy is 
larger than e + /\/2 (resp. e_/y2), and possibly some other, unspecified excitations. The 
basis for this physical interpretation of particle detectors is Proposition 13.31 stated below. 
Now, for any e > 0, we define the following subset of the spectrum of U 

A e (e+,e_) = { (cj+,cj-) G M 2 \ e+ < uj + < e+ + e, e_ < uj- < e_ + e}. (2.10) 

Let H c be the continuous subspace of the relativistic mass operator H 2 — P 2 , where (H, P) 
are generators of U. Then, in view of the above discussion, every non-zero vector of the form 

= Q™\B + )Q° ut (B_)V, V eE(A £ (e + ,e-))H c , B± G l ±jS (2.11) 

describes two 'hard' massless excitations, the first moving to the right with energy e+ / ^/2 and 
the second moving to the left with energy e_/V2, as well as some unspecified 'soft' massless 
particles, whose total energy is less than y/2e. Since the motion of massless excitations 
in two-dimensional Minkowski spacetime is dispersionless, we expect that such two-body 
generalized scattering states span the entire subspace H c . (In fact, two excitations moving 
without dispersion in the same direction can be interpreted as one excitation). In view of 
the above discussion, we define the generalized asymptotic completeness as follows: 

Definition 2.3. Suppose that for any e+,e_,e > 

E(A e (e + ,e-))n c = § V &n{Q™\B + )Q™ t {B_)E{A e {e + ,e-))K c \B ± e£±, e± } c \ (2.12) 

where cl means the closure. Then we say that the theory has the property of generalized 
asymptotic completeness. 

In the present Letter we consider only outgoing configurations of particles, since the 
incoming case is analogous. 
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3 Theories of waves 



In this section we consider a local net of von Neumann algebras (21, U) in a vacuum repre- 
sentation. That is we assume, in addition to the properties specified in Definition 12.11 the 
existence of a unique (up to a phase) unit vector E T~L, which is invariant under U and 
cyclic for 21. Let T~L± = kei(H =p P), where (H, P) are generators of U, and let E± be the 
corresponding orthogonal projections. If each of the subspaces T~L± contains some vectors 
orthogonal to 0, then we say that the net (21, U) describes 'waves', which are counterparts 
of Wigner particles in massless, two-dimensional theories. A natural scattering theory for 
waves, developed by Buchholz in [7], is outlined below. We will show that theories which 
are asymptotically complete in the sense of this scattering theory have also the property of 
generalized asymptotic completeness, formulated in Definition 12.31 above. 

Following [7J, for any F E 21 and T > 1 we introduce the asymptotic field approximants: 



F±(h T ) = J h T (t)F(t,±t)dt, (3.1) 

where hr is defined after formula (|2.5p above. We recall the following result: 
Proposition 3.1 ( [7J). Let F E 21. Then the limits 

$° ut (F) := s-limF ± (/i r ) (3.2) 

T— >oo 

exist and are called the (outgoing) asymptotic fields. They depend only on the respective 
vectors $$*(F)tl = E±F9> and satisfy [$° ut (F), $° ut (F')] = for any F, F' E 21. 

Now the scattering states are defined as follows: Since 21 acts irreducibly on T~L, (by the 
assumed uniqueness of the vacuum), for any ty± E 'H± we can find F± E 21 s.t. ^± = F±£l 
|27j . The vectors 

tf + °x ^_ = $° ut (F+)$° ut (F_)Sl (3.3) 

are called the (outgoing) scattering states. By Proposition 13.11 they do not depend on the 
choice of F± within the above restrictions. They have the following properties: 

Proposition 3.2 ( [7J). Let ^±,^' ± E H±. Then: 

out out 

(a) (*+ x x *'_) = (*+,*'+)(¥_,*'_), 

out out „ 

(b) U(x)(V+ x V_) = (U(x)V + ) x (U(x)V-), forx E M 2 . 



If the states of the form fj3.3j) span the entire Hilbert space, then we say that the theory 
is asymptotically complete in the sense of waves. In this case, the representation U 
decomposes into a tensor product of representations of lightlike translations and the spectrum 
of U automatically coincides with V+ by the theorem of Borchers [3]. We will show below 
that any such theory is also asymptotically complete in the sense of Definition 12.31 To this 
end we prove the following fact: 

Proposition 3.3. Let B± E £±,e ± and let ^>± E TL± be vectors of bounded energy. Then 

m OUt OUt 

hm Ql(B + )(*+ x = (E + Q(B + )^ + ) x (3.4) 

1 — ¥OC 

m Ollt OUt 

lim QT(B_)(® + x = ^ + x (^_Q(S_)^_), (3.5) 

where Q(B±) := J dx (B±B±)(x) are operators defined on T>. 
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Proof. We prove only equality f|3.4|) . as fj3.5j) is analogous. Let F± S 21 be s.t. \&-|- = Fj-O. 
Since *$>± have bounded energy, we can ensure, by smearing with suitable test functions, that 

„ out 

Sp ±a are compact sets. Then it is clear that \£ + x ^_ = <J>^ ut (F + )<I>_ (F_)fi is a vector 
of bounded energy, and we can write 

Q^(£ + )$° ut (F + )$° ut (.F-)0 = [Q^(£ + ),$° ut (F_)]$° ut (F+)ft 

+ $° ut (F_)Q^( J B+)$° ut (F + )0. (3.6) 



Let us first consider the second term on the r.h.s. of (|3.6p . We compute 

Ql(B + )^ + = [ dth T {ty Ht [ dx(B* + B + )(x)e- iPt $>„ 
J Jr+ 

/poo 
dth T {t)S H - p)t J dx{B\B+){x)^ + 



-t 

-t 



= - f dth T (t)e iiH - p)t f dx{B* + B + ){x)^ + 

J J — OO 

+ E + I dx(BlB + )(x)-$+. (3.7) 



Here in the first step we made use of the definition of / H + and in the third step we exploited 
the mean ergodic theorem. Let us show that the next to the last term on the r.h.s. above 
tends to zero as T — > oo. This is a consequence of the fact that 

lim [ dx{B*,B + ){x)y + = (3.8) 

J-oo 

which follows from the discussion after Theorem 12.21 above. Thus we obtain 

lim Ql(B + )* + = E + Q(B + )* + . (3.9) 

1 — >oo 



To conclude the proof, we still have to show that the first term on the r.h.s. of fj3.6j) tends 
strongly to zero as T — > oo. Making use of (|3.9p and of relation (12. 7p . and exploiting the 
fact that Sp B + a is compact, it suffices to show that 

lim \\E(A)[Ql(B + ),F-(h T )]E(A')\\ =0 (3.10) 

T— >oo 

for any compact sets A, A' C V+. If F- is almost local, this is shown in the proof 
of Lemma A. 3 of |15j . In general, we choose a sequence of local operators F— ny s.t. 
lim n ,_ > . 00 H-F—n — F_[| = 0. Since Sp F ~a is compact, we can choose a function / € S^R 2 ) s.t. 
supp/ is compact and F_ = F_(_f) := J^ 2 dxF—(x)f(x). Then lim n _ s . 00 \\F- >n (f) — F—\\ = 
and, making use of relation (|2.7p . we can replace F_ with i* 1 n (/) in (I3.10p at a cost of the 
following error term 

\\E(A)[Ql(B + ), (F_ - F- >n (f))(hT)}E(A')\\ < 2\\Q(B + )E(A")\\ ||F_ - F_, n (/)||, (3.11) 

where A" C R 2 is a compact subset. Here we made use of relation (|2.3p and of the fact that 
(F_ — F n (/)) has compact Arveson spectrum, uniformly in n. Clearly, this term tends to 
zero as n — > oo uniformly in T. Since F_ n (f) are almost local and Sp^~' n ^a are contained 
in supp/, (|3.10p follows. □ 

Let us set H± = ± P) and let E±(-) be the spectral measures of H±\u ± . It is 
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easily seen that the spectrum of H±\n ± is continuous, apart from an eigenvalue at zero. (In 
fact, if <f + is an eigenvector of H + \ n+ , then (^+1^4^+) = A(x)^ + ) = \\^ + \\ 2 {Vt\A£l) 
for any A G 21. Exploiting the fact that 21 acts irreducibly on %, we obtain that ^ + is 
proportional to f2). We note the following fact, whose proof relies on some ideas from the 
proof of Proposition 2.1 of [9]: 

Lemma 3.4. Let 5 > 0, ^4. G and suppose that B^> + = for any B G £+,5- TTien 
£'+([(5, oo)) v I / + = 0. (An analogous result holds for (+) replaced with {—)). 

Proof. Let us choose b > a > 5, < e < a — 5 and c > 0. We choose functions f± G S(M.) 
s.t. supp/ + C (— oo, —5] is compact, = 1 for o; + G [—6, —a + e], supp /_ C [—2c, 2c] 

and = 1 for w_ G [-c,c]. Let /(x) = /+(£+)/_(*_). Since /(p) = / + (w + )/-(w_), 

we obtain that ^4(/) = J R 2 cfe 4(x)/(x) is an element of £+ j( 5 for any j4 G 21(0), C M 2 . 
Thus, by assumption, = 0. Making use of the fact that a x (A(f)) G £+ t s for any 

x G M 2 , we obtain that U(x)A(f)U(x)*^ + = 0, hence A{f)U(x)*^> + = and consequently 

E(A 2 )A(f)E(A 1 )V+ = 0, (3.12) 

for any compact sets Ai, A2 C M 2 . Setting Ai = {(w+,a;_) G M 2 | w+ G [a,b],oj- G 
[-c/2,c/2]}, A 2 = {(uj + ,oj-) G M 2 |w+ G [0,e],o;_ G [-c/2,c/2]} and exploiting the 
properties of /, we obtain that 

E(A 2 )AE(A 1 )V + = 0. (3.13) 

As 21 acts irreducibly on T~L, (since we assumed the uniqueness of the vacuum vector), and 
E(A 2 ) ^ 0, (which follows e.g. from the existence of the vacuum), we conclude that 
E(Ai)^ + = E + ([a, 6])^+ = 0. Since the spectrum of H + \-}{ + is continuous, apart from 
the eigenvalue at zero, we obtain that E + ([5, 00))^!+ = 0. □ 

Now we proceed to the main result of this section: 

Theorem 3.5. Let (21, U) be a net of von Neumann algebras in a vacuum representation, 
which is asymptotically complete in the sense of waves. Then it has the property of generalized 
asymptotic completeness, stated in Definition \2.3l 

Proof. First, we note that the continuous subspace % c of the relativistic mass operator 
H 2 — P 2 is given by 

out 

U C =U+, C x H-, c , (3.14) 

where H± )C = H± fl {^j -1- are the continuous subspaces of H±\y^ ± . To justify this fact 
one notes that, as a consequence of asymptotic completeness in the sense of waves, T~L C C 

OUt r> 

%+ )C x 7-L~ jC an d the only possible eigenvalue of H — P is zero. (Non-zero eigenvalues can 
easily be excluded with the help of the Haag-Ruelle scattering theory or by proceeding as in 
Lemma [4.31 below) . Then it is readily checked that no vector from the subspace on the r.h.s. 
of (13, 14ft can be a corresponding eigenvector. 

Making use of (|3. 14|) and of Proposition 13.21 we obtain the following equality 

out 

E(A £ (e + ,e-))H c = E + ([e+,e + + e})U+, c x £L([e_, e_ + e])H- c . (3.15) 
Now we note that any vector ^ G E(A)T-l, where A C M. 2 is compact, can be expressed 

out 

as \& = Ylmn c m,n^+,m x x I / _ i n, where \P± jm G P(A')'H± form orthonormal systems, A' C 
R 2 is compact and ^2 mn \crn,n\ 2 < 00. (See |151 Lemma A. 2]). Hence, Proposition 13.31 
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and relation (|27f|) entail that for any B± G £±, e ± and ^ G £> the limits Q5: Ut (B ± )$ = 
limT->oc Q±(B±)^! exist. Consequently, it suffices to verify the following formula 

E + ([e + ,e + + e])U+, c = Span{ E + Q(B + )E + ([e+, e+ + e])H+, c \ B + G £+, e+ } cl (3.16) 

and its counterpart with (+) replaced with (— ), whose proof is analogous. Since E + Q{B + )E + 
is invariant under spacetime translations, it is obvious that the subspace on the r.h.s. of (|3.16p 
is contained in the subspace on the l.h.s. Let us now assume that the inclusion is proper i.e. 
we can choose a non-zero vector G {E\ — Eq)% +)C , where E\ := E+([e+, e+ + e]) and Eq 
is the orthogonal projection on the subspace on the r.h.s. of ()3. 16j) . By Lemma |3.4[ there 
is an operator B + G £+, e+ s -t- B + ^ + ^ 0. Then it is easy to see that (^f + \Q(B + )^f + ) ^ 
which means that (E 1 - E )E + Q(B + )^ + / 0. Hence E+Q{B + )^+ ^ and E+Q(B + )V + <£ 
EqU+jC, which contradicts the definition of Eq. □ 

4 Chiral nets and infraparticles 

In the previous section we showed that the generalized concept of particle interpretation, 
formulated in Definition I2.3[ is a consequence of a more standard notion of asymptotic 
completeness in the sense of waves. We recall from |14[I15| that any chiral conformal field 
theory in a vacuum product representation is asymptotically complete in the sense of waves. 
Hence it is also asymptotically complete in the generalized sense. 

It turns out that the range of validity of the generalized asymptotic completeness is not 
restricted to theories of waves, but holds also in some theories of infraparticles. We say that a 
net of von Neumann algebras (21, U) describes infraparticles, if one or both of the subspaces 
%± are trivial, but there exist non-zero particle detectors Q±(B±). As shown in [15] . 
any chiral conformal field theory in a charged irreducible product representation describes 
infraparticles. In this section we show that these theories of infraparticles are asymptotically 
complete in the generalized sense. 

Let us now briefly recall the construction of chiral conformal field theories, focusing on 
these properties, which are needed in our investigation. First, we recall the definition of a 
local net of von Neumann algebras on the real line: 

Definition 4.1. A local net of von Neumann algebras on M is a pair (A, V) consisting of a 
map X —7- A(Z) from the family of open, bounded subsets of IR to the family of von Neumann 
algebras on a Hilbert space K, and a strongly continuous unitary representation of translations 
M 9 s — > V(s), acting on fC, which are subject to the following conditions: 

1. (isotony) IfZ C3, then A(l) C A(3). 

2. (locality) IfZC\Z= 0, then [A{I), A{Z)] = 0. 

3. (covariance) /3 S (A(1)) := V(s)A{X)V(s)* = A(l + s) for any sGi 

4- (positivity of energy) The spectrum ofV coincides withM + . 

We also denote by A the quasilocal C* -algebra of this net i.e. A = Uj cK »4(X). We assume 
that it acts irreducibly on 1C. 

Let (*4l, Vl) and (.Ar, Vr) be two nets of von Neumann algebras on M, acting on Hilbert 
spaces /Cl and /Cr. To construct a local net (21, U) on R 2 , acting on the tensor product space 
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H = /Cl ® /Cr, we identify the two real lines with the lightlines J-j- = { (t, x) G M 2 | tc =Ft = } 
in M?. Let us first specify the unitary representation of translations 

U(t, x) := V L (±={t - x)) Vr ( i=(t + a)) . (4.1) 



V2 J \y/2 

The spectrum of this representation coincides with V + due to property 4 from Definition 14.11 
Any double cone DcK 2 can be expressed as a product of intervals on lightlines D =1x3. 
The corresponding local von Neumann algebra is given by 2l(-D) := A^T) <S)Ar(Z), and for 
a general open region we put 21(0) = \J D( -Q$i{D). The resulting net of von Neumann 
algebras (21, U), which we call the chiral net, satisfies the properties stated in Definition 12.11 
If both /Cl and /Cr contains translation invariant vectors, then we say that the net (21, U) 
is in a vacuum product representation. Otherwise we say that it is in a charged product 
representation. These two cases will be treated on equal footing in the remaining part of 
this section. 

We will show that any chiral net satisfies the generalized asymptotic completeness in the 
sense of Definition 12.31 As a preparation, we prove the following two lemmas. 

Lemma 4.2. Let (A, V) be a local net of von Neumann algebras on M. 

(a) For any 5 > 0, we define the following subset of A: 

C 5 = {A(f)\AeA(l),lcM,feS(R),suppfc(-oo,-5} compact}, (4.2) 

where A(f) := J ds (3 s {A)f{s). Suppose that B^> = for any B G Then we have 
E([5, oo))\P = 0, where E(-) is the spectral measure ofV. 

(b) The spectrum ofV is absolutely continuous, apart from a possible eigenvalue at zero. 



Proof. The argument below, which is a one-dimensional version of the proof of Lemma [3.41 
relies on ideas from Proposition 2.1 and 2.2 of [9]. To prove (a) we choose b > a > 5 and 
< e < a — 5. We pick a function / G S(M) s.t. supp/ C (— oo, —5] is compact and f(oo) = 1 
for uj G [—b, —a + e]. Then A(f) G £s and, by assumption, A(f)^ = 0. Making use of the 
fact that /3 s (A(f)) G £5 for any s G K, we obtain 

£(A 2 )A(/)£(Ai)tf = 0, (4.3) 

for any compact sets Ai, A2. Setting Ai = [a, b], A2 = [0, e] and exploiting the properties 
of the function /, we obtain that 

E(A 2 )AE(A 1 )^ = 0. (4.4) 

Since A acts irreducibly on /C, we conclude that E([a,b])^f = 0. Thus we obtain that either 
E([5,oo))V = or V(s)¥ = e iSs ^ for all s G R. 

Let us now exclude the latter possibility: By Lemma 2.2 of [5], (stated as Theorem 12.21 
above), we obtain that 

J ds ($\p 8 (B*B)y) < 00 (4.5) 

for any B G Cgr, 5' > 0. This is only possible if B*S> = for all such B. Proceeding as in 
the first part of the proof, we conclude that V(s)^ = i.e. 5 = 0, which is a contradiction. 
This concludes the proof of (a). 
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To show (b), we pick < e < 5 and note that 

Span{ E([S, 5 + e])B*^ |5g£ {] $g E([0, e])K } cl = E([5, 5 + e])K. (4.6) 

In fact, any vector from E([5,5 + e])/C, which is orthogonal to the subspace on the l.h.s. is 
zero by relation (|2.3p and part (a) of the present lemma. Next, by irreducibility, for any 
A(f) G Cs we can find A n G A(I n ) s.t. E([S, 5+e])A(f)* = s-lim^oo A n (f)*. Consequently, 

Span{ B*ty\B G C s , $ G £([0, e])/C } cl D 5 + e])JC. (4.7) 

Now for any B X ,B 2 G A and ^i,* 2 G £([0, e])/C, we get 

1(^1^)52**2)1 = 52(a)] V(a)* 2 )| 

< II^IIII^IHI^a^Ka)]!!, (4.8) 

which is a rapidly decreasing function of s. Making use of these facts and of the Plancherel 
theorem, one easily obtains that (SSf\E(A)W) = for any G E((Q, oo))/C and AcRof 

zero Lebesgue measure. □ 

Lemma 4.3. Let (Al,Vl) and (Ar, Vr) be two nets of von Neumann algebras on R acting 
on /Cl and /Cr, respectively, and let (21, [/) fre i/ie corresponding chiral net. Then 

H c = K L ,c ® /C R , C , (4.9) 

where % c is the continuous subspace of H 2 — P 2 and /Cl/Rc are ^ e continuous subspaces of 
Vl/r- 

Proof. Let Tl/r be the generators of Vl/r- We obtain from relation (|4.ip that P = 
^=(T L <g> I - I <g> T R ), H = -^(T L (8) I + I ® T R ) and # 2 - P 2 = 2(T L ® T R ). Thus it follows 
immediately from Lemma 14.21 (b) that Ti c C /Cl, c &> /Cr c . To prove the opposite inclusion, 
we have to show that the r.h.s. of (|4.9p does not contain any eigenvectors of H 2 — P 2 . Let us 
therefore assume that there exists * G JC L>C ® /C RjC s.t. (# 2 - P 2 )* = m 2 *, m > 0. Then, 
for any * L /R G /C l /r, c , we can write 

(*|*L®*r) = f (*\dE(q L ,q R )(* L (g)* R )) (4.10) 

Jv+ 




(^|d^(gL,«R)(*L®* R )), (4.11) 



where is the hyperboloid at mass m (or the lightcone in the case m = 0) and the second 
equality follows from the assumption that * is an eigenvector of H 2 — P 2 . The complex mea- 
sure (fy\dE(q L ,q R )(^ L (3fy R )) is dominated by the measure \\^\\((^/ L 0^ R )\dE(q L , gR,) (\I>l <S> 
*r)). The latter is a product measure of Lebesgue absolutely continuous measures by 
Lemma f4.2l (b). hence it is also absolutely continuous. Since H m has Lebesgue measure zero, 
the integral above must be zero. Thus * = 0, which concludes the proof. □ 

Remark AA. We note that the above lemma could be proven without exploiting the absolute 
continuity of the spectral measures. In fact, for any two positive operators Tl, Tr with empty 
point spectrum, the operator Tl <S> Tr also has empty point spectrum. This follows from 
the elementary fact that if /iL>MR are two measures on R without an atomic part, then the 
product measure m, x //r of any hyperboloid is zero. 
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Now we are ready to prove our main result: 

Theorem 4.5. Any chiral net (21, U) satisfies generalized asymptotic completeness in the 
sense of Definition[ 



Proof. First, we obtain from Lemma I4.3[ 

E(A £ (e + ,e„))U c = £ L ([e + , e+ + e])/C L , c ® £ R ([e_ , e_ + e])/C Rc , (4.12) 

where /Cl/ R)C and £?l/r( ' ) are the continuous subspaces and spectral measures of Vl/r.- 
Now let £l/r,<5 C -4.L/R be sets defined as in (I4.2p . It is easy to see that if 2?l G ^L,e+ an d 
.Br € £ Re _ , then <%> / G £-+,e + an d ^ ® -Br £ £— e_ ■ Moreover, we obtain 



lim Q£(Bl®I)(*l®¥r) = Q(S L )* L ) ® tf R , (4.13) 

T— >oo 

lim Ql(I®B R )(* L <2>* R ) = *l ® (Q(£r)*r), (4.14) 

T— >oo 

where Q(S L/R ) := / /^(S^Bl/r), * l/r G B L /r(A l/ r)/C l/r and A L/R C R are 
compact subsets. To verify relation (I4.13|) . we note that 

^(S L ®/)(f L ®$ R ) = (J dth T (t) J' ds0^(B£B L )tf L )®* R 

eft /»r(t) ^^(5£S L )^ ® * R 

+ (Q(B l )*l) ® *a, (4.15) 

and the next to the last term above tends strongly to zero as T — > oo in view of the discussion 
after Theorem 12.21 Equality (I4.14|) is proven analogously. As a consequence of (14. 12j) , (14.13|) 
and (|4.14p . we obtain 

Q°^(B L ® /)Q° ut (/ ® B R )E(A £ (e + , e_))H c 
= Q(B L ) J B L ([ e+ ,e + + e])/C L ,c®Q( J BR) J BR([e_,e_+e])/CR, c , (4.16) 

where we used Lemma A. 2 of |14| . as in the discussion after formula (|3. 15[) above. To 
conclude the proof, it suffices to show that 

E L ([e + ,e + + e])JC L:C = Span{ Q(B L )E L ([e+, e+ + e])/C L , c | B L G £ Lje+ } cl , (4.17) 
S R ([e_,e_ +e])/C R , c = Span{ Q(.B R ).E R ([e_, e_ + e])/C Rc | B R G £ Re _ } cl . (4.18) 

It is enough to prove the first equality above, as the second one is analogous. We proceed 
similarly as in the proof of Theorem 13. 51 By the translational invariance of Q(B\ J ) it is obvious 
that the subspace on the r.h.s. of (|4,17p is contained in the subspace on the l.h.s. Let us now 
assume that the inclusion is proper i.e. we can choose a non-zero vector ^ G (E\ — Eq)T-L c , 
where E\ : = £^L([e+,e+ + e]) and Eq is the orthogonal projection on the subspace on the 
r.h.s. of (I4.17p . By Lemma [4. 21 there is an operator B^ G ^L,e + s -t- B\J& ^ 0. Then it is easy 
to see that (#|Q(B L )#) ^ which means that (E 1 - E )Q(B h )^ / 0. Hence Q(B L )V / 
and Q(B^)^ ^ EqIC^c, which contradicts the definition of Eq. □ 
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5 Completely rational conformal nets 



In this section we consider particle aspects of completely rational conformal nets, whose 
definition is summarized below. This class contains massless two-dimensional theories in a 
vacuum representation which are not asymptotically complete in the sense of waves. Never- 
theless, as we show below, they have the property of generalized asymptotic completeness. 

In the previous section we introduced the concept of a local net (A, V) of von Neumann 
algebras on R. Suppose that A extends to a local net on the circle S 1 (understood as a 
one-point compactification of R) and V extends to a unitary representation of the universal 
covering of the Mobius group Mob, s.t. covariance still holds. Then we call the extension 
(resp. the original net) a Mobius covariant net on S 1 (resp. on R). Similarly, if V extends 
to a projective unitary representation of the group of orientation preserving diffeomorphisms 
of S 1 , denoted Diff(S' 1 ), s.t. covariance still holds and V(g)AV{g)* = A if A G A{X) and 
g G Diff(S' 1 ) acts identically on X, then we say that the extension (resp. the original net) is 
a conformal net on S 1 (resp. on R). 

A conformal net (A, V) on S 1 is said to be completely rational |22| if the following 
conditions hold: 

1. Split property. For intervals X\,X2 C S , where X\ C I2, there is a type I factor T 
such that A{Xi) C T C A(X 2 ). 

2. Strong additivity. For an interval X and X±,l2 which are made from X by removing 
an interior point, it holds that A(X) = A(Xi) V A(l2)- 

3. Finite /x-index. For disjoint intervals I\,l2, 2^3,2^4 with a clockwise (or counter- 
clockwise) order and with the union dense in S , the Jones index of the inclusion 
A(Ii) V A(X 3 ) C (A{X 2 ) V A(X A ))' is finite. 

Among the consequences, we recall that a completely rational net A has only finitely many 
sectors and any (locally normal) representation of A (on a separable Hilbert space) can be 
decomposed into a direct sum of irreducible representations [22| . 

Now let (21, U) be a local net of von Neumann algebras on R 2 in a vacuum representation. 
(21, U) is said to be Mobius covariant if the representation U of translations extends to 
the group Mob x Mob and the covariance still holds in the sense of local action (see [4]). If 
U further extends to a projective unitary representation of the group Diff(S' 1 ) x Diff(5' 1 ) 
which acts covariantly on the net, and it holds that U(g)AU(g)* = A if A G 21(0) and 
g G Diff(S' 1 ) x Diff(5 1 ) acts identically on O, then the net 21 is said to be conformal. See 
also |21| for a general discussion on conformal nets on two-dimensional spacetime. 

We define subgroups G\ := Mob x {l} C Mob x Mob and Gr := {l} x Mob C Mob x Mob, 
where 1 denotes the unit element in Mob. Following [26], for any interval X C R, we introduce 
the von Neumann algebra Al(X) = 2t(X x3)n U(Gji)'. This definition does not depend on 
the choice of 3, since the group Mob acts transitively on the set of intervals. Analogously, 
one defines Ar,($) := 2l(X x 3) n U(Gl)' . In this way we obtain two families of von Neumann 
algebras parametrized by intervals contained in R. It was shown by Rehren that both Al 
and Ar extend to Mobius covariant nets on the circle S 1 |26[ Section 2] . If the net (21, U) 
is conformal, then both chiral components Al and An are nontrivial. Indeed, they include 
the net generated by the diffeomorphisms of the form g^ x id and id x g^, respectively. Such 
nets, generated by diffeomorphisms, are called the Virasoro (sub)nets. 

We say that a conformal net (21, U) on R 2 is completely rational if its chiral components 

An are completely rational. From the two nets Ah and Ar_ we can construct the chiral net 
Ah^Aji as in the previous section, which can be naturally identified with a subnet of 21. It is 
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easy to see that the inclusion Al(I) <8>^4r(5) C 2l(Z x 3) is irreducible (namely, the relative 
commutant is trivial). Indeed, any element in 2l(Z x 3) commutes with diffeomorphisms 
supported outside I x 3, which are contained in At,(I') £3 Ar(3'), where I' denotes the 
interior of the complement of I (in 1R or in S 1 , which does not matter thanks to the strong 
additivity). By the strong additivity, an element in the relative commutant must commute 
with any diffeomorphism. Hence it must be a multiple of the identity, since 21 is in a vacuum 
representation. From this and the complete rationality, it follows that the Jones index of 
the inclusion Al(T) <S> -4.r(3) C 2l(Z x 3) is finite |20[ Proposition 2.3]. Thus the natural 
representation tt%i of Ah ® Ar on the Hilbert space T-L of 21 decomposes into a finite direct 
sum of irreducible representations. 

If Ah and Ar., are both completely rational, then any irreducible representation of the 
chiral net Ah <8) Ar. is a product representation |22l Lemma 27] . From this it follows that if 
21 is completely rational, then the Hilbert space H can be decomposed into a direct sum of 
finitely many product representation spaces of Ah and Ar. Thus the representation of the 
Virasoro subnets decomposes as well. The representation U of the spacetime translations 
can be obtained from local diffeomorphisms, hence any representative U(t, x) is contained in 
Uxx.3 ^l(^) <8> Ar(3). According to the decomposition *k% = ^ i TTi of the natural inclusion 
representation of U is decomposed into a direct sum an d each Ui implements 

the translations in the representation ti"j. In other words, we obtain a decomposition of U 
which is consistent with the above decomposition of TL. 

In the previous sections we saw that any product representation of a chiral net is asymp- 
totically complete in the sense of Definition 12.31 It is easy to check that the direct sum of 
asymptotically complete representations is again asymptotically complete. Thus we obtain: 

Theorem 5.1. Any completely rational net represented on a separable Hilbert space is 
asymptotically complete in the sense of Definition \2. M 

Recall that a two-dimensional conformal net is asymptotically complete in the sense of 
waves if and only if it coincides with the chiral net Ah ® -4.R ||30l Corollary 4.6]. For a non- 
trivial extension of a chiral net (see |21| for examples and a classification result of a certain 
class of conformal nets) asymptotic completeness in the sense of waves fails, but generalized 
asymptotic completeness remains valid in the completely rational case in view of the above 
theorem. 
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